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Abstract:

The aim of this paper is to present the concepts of * - ring
approximation spaces, the congruence relation, * - ideal in a ring,
and the lower and upper approximations of any subset of a ring with
involution respect to * -ideals. Some properties of approximation
operators are discussed. We introduce the rough * - ideals in a ring
with involution supporting it with some theorems and illustrative
examples.
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1. Introduction:
Pawlak introduced the theory of rough sets in 1982 [1]. It is an

independent method to deal the vagueness and uncertainty. It is an
extension of the set theory, in which a pair of ordinary sets called
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the lower and upper approximations, describes a subset of a
universe. Pawlak used an equivalence classes for the construction of
lower and upper approximations of a set. It soon invoked a natural
question concerning possible connection between the rough sets and
an algebraic system. Many researchers studied the algebraic
approach of rough sets in different algebraic structures such as
[2,3,4,5]. Biswas and Nanda [6] introduced the notion of rough
subgroups. Mordeson [7] applied a rough set theory to the fuzzy
ideal theory. Some concepts of lattice in a rough set theory has
studied by Yao [8]. Chinram [9] studied the rough prime ideas and
the rough fuzzy prime ideals in Gamma-semigroups. Kuroki in
[10,11] introduced the notion of rough ideals of a semigroup.
Davvaz in [12] introduced the notion of rough subring with respect
to ideals of a ring. Abdunabi in [13] introduced the connection
between a rough set theory and a ring theory.

Rings with involution have been studied in [14,15], where if R be a
ring then an additive map x — x* of R into itself is called an
involution if:

(i) (x +y) *=x*+y* (i) (xy)* =y *x* (iii) (x *) *=x
hold for all x, y € R.

In this paper, we present a concept of * - ring approximation
spaces by using the involution ring. We introduce the lower and
upper approximations of any subset of these spaces with respect to
* -ideals and discuss some properties of the approximation
operators. In addition, the rough * - ideals in * - ring approximation
spaces are studied. These newly introduced concepts have supported
by some examples and theorems that highlights its utility and future
applicability.

2. Pawlak approximation space:

In this section, some well-known basic identities are given;
which will used extensively in the forthcoming sections. Suppose U
is a non—empty set. A partition to classification of U is a family of
the non-empty subsets of U such that each element of U is contained
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in exactly one element of R. Recall that an equivalence relation R
on a set U is a reflexive, symmetric, and transitive binary relation
on U. Each partition R induces an equivalence relation R on U by
setting:

X Ry & xandy are in the same class R.

Conversely, each equivalence relation R on U induces a partition R
of U whose classes have the form [x]r = {y € U: x R y}.

Definition 2.1[1]: A pair (U, R) where U # @ and R is an
equivalence on U is called the Pawlak approximation space.

Definition 2.2 [1]: For an approximation space (U, R) and
R:P(U) » P(U)x P(U) : For every X € P(U); X< U. We can
approximate X as: R (X) = (R (X), R (X)) , where R (X) =
{x eU: [x]lgcX} R(X)={x €U: [x]gnX #0}. R(X)is
called the lower approximation of X and R (X) is called the upper
approximation of X in (U, R) respectively.

Clearly; R (X)is the set of all objects which can be with certainty

classified as members of X with respect to R and R (X) is the set
of all objects which can be only classified as possible members of X
with respect to R.

Definition 2.3 [1]: Let (U, R) be an approximation space, X < U.
We say:

(i)  Xisarough (undefinable) setif R (X) # R (X) # X.

(i)  Xisan exact (definable) setif R (X) = R (X) = X.
Definition 2.4 [1]: Let (U, R) be an approximation space, the
following areas can be defined:

(i) The boundary region of X is define by BX; = R (X) —
R (X)
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(i) The internal edge of X is given by: : ED (X) =X —
R (X).
(iii)  The external edge of X is given by: ED (X) = R (X) —
X.
The boundary region of X is the set of all objects which can be
decisively classified neither as members of X nor as members of X¢
with respect to R.

Corollary: 2.1 Let A = (U, R) be an approximation space and X <
U. Then:

(1) X is definable set if and only if BXg = @.
(ii) X'is rough set if and only if BXg # @ .

Proposition 2.3 [1]: Let X, Y < U, where U is a universe and X °
denoted the complementation of X in U, then the a approximations
have the following properties:

() RXCSX CRX.

(i) R@=RO,RU=RU.

(i) R(X UY)2RX URY.
v RXNY)=RXNRY.
(v R(XUY)=RX URY.

(vij R(XNY) € RX n RY.
(vii) RX°= (RX)C.

(viii) RX°= (RX)C.

(ix) R(RX)=

R
(X)  R(RX)= R(RX)= RX.
Example 2.1: Let U = {x1, x5, X3, X4, X5, Xg
} the equivalence relation R is defined as: R = {{x; }, {xs },
{x2 x4} {xs o %63} I X = { x,%5,x6}, ¥V = {x2, x4}
Then R (X) = {x1, x5 }, R(X) = { x4, x3,x5,%¢}and B(Xg) #
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@. So X isrough set. R(Y) = R(Y) = {x,, x,} =
Y and B(Yz) = @. SoY is definable set.

3. Ring approximation spaces:
Here, we introduce some basic concepts for the sake of
completeness. Recall from [12].

Definition 3.1: A non-empty set R with two binary operations +
(addition) and e (multiplication) called a ring if it satisfies the
following axioms:

Q) (R, +) is an additive group.
(i) (*R, *) is a semigroup;
(i)  (ar+az)caz=arcaz+azeas, andar* (azt+as) =ar*az +
a1 * a3 for all a1, a2, as € R.
Definition 3.2: A subset I of a ring R is called a left (resp. right)
ideal of R if it satisfies the condition (al € | (la € I) for a € ‘R.

Clearly a left (resp. right) ideal of R is a subring of R. A two sides
ideals of a ring R (briefly called an ideal of ‘R) is both a left and a
right ideal of *R.

Definition3.3: Let | be an ideal of a ring R. For a, b € R then
a=b(mod A)ifa—bel....... (1)

We say a is congruent to b mod A. It easy to see the relation (1) is
an equivalence relation. So the pair (R, mod A) is an approximation
space. We shall called the pair (R, mod A) is a ring approximation
space.

Definition3.4: Let I be an ideal of R and X be a non-empty subset
of a ring approximation space (‘R, mod A). The lower and the upper
approximations of X are defined respectively with respect to the
ideal | as follows:
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I(X) =u{xeR:(x+D)SX} IXN=U{xeR x+HNX+
?}.

Definition 3.5: let (R, mod A) be a ring approximation space, the
following areas can be defined:

(i) The boundary region of X with respect of | is define by B;(X) =
1(X)— I(X).

(if) The internal edge of X with respect of I is given by: ED; X)
=X — I(X).

(iii) The external edge of X with respect of | is given by: ED; (X)
=I1(X) - X.

If B;(X) # @, we say X is rough set with respect of I. However,
if B;(X) = @, we say X is definable set with respect of I.

Proposition 3.1: Let | be an ideal of a ring R, and X is a rough set
with respect to I, we have:

(i) If) I (X)and I(X) areideals of R, then X is a rough ideal.
(i) If I (X)and I(X) are subring of R, then X is a rough ring.

Remark 3.1: Let | be an ideal of a ring R, and X is rough set with
respect to I,

(1) If) I (X)and I(X) are not ideals of R, then X is not a
rough ideal.
(i) (i) If) I (X))and I(X)are not subring of R, then X is not

a rough ring.
The following example shows remark 3.1.
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Example 3.1: We consider the ring ‘R = Zg and the ideal I = {0, 2,
4,6} isthe only ideal in Zg. Let X = {1, 2, 3,4,5,6, 7} € Zg. Then,
for x € R we calculate x + I ={0, 2, 4,6}, {1, 3,5, 7}. Since I (X) =

U{xeR: (x+1) < X}, Then I (X)={1, 3,5, 7} but not ideal

because Vx € Zg AV r € I( X) we findthat 0 € Zg A3 € I(X) . So
0.3=0¢ I(X).Aswell I (X)is notsubring because 3-1=2 ¢

1. AlsoIX) =U{x € R: (x+ N X #0}={0,2,4,6} U{L,

3,5, 7} = Zg is an ideal and subring. So X is not neither a rough
ideal nor a rough ring.

4. * - Ring Approximation Spaces:

In this section, we introduce the concepts of * - ring
approximation spaces, the lower and the upper approximations of a
non — empty subset of the involution ring with respect of * - ideal.
In addition, we study some properties of these approximations.

Definition 4.1[15]: A ring R is said to be an involution ring (* -
Ring) and denoted by R* if there is defined an involution * subject
to the identities:

(a+b)*=a*+b* (ab) *=b* a*,a**=qaforall a,b e R* If
R is commutative then the identical mapping of R onto R is an
involution on ‘R.

Definition 4.2[14]: An ideal | of an involution ring (!R*) is called *
- ideal, and denoted by I*, if it is closed under involution; that is: I*
={a*e R*;ael}c .

In the theory of involution rings, * - ideals has been used
successfully (instead of one-sided which make no sense in
describing their structure (see [14] and [15]).

Definition 4.3: Let R* is an involution ring. Then we call the pair
(M*, mod A) is a * - ring approximation space.
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Definition 4.4: let (R*, mod A) be a * - ring approximation space,
I* is an * - ideal. We can redefine the lower and the upper
approximations of X with respect of I* as:

I'x)=u{x" eR:x+1rcXx}, r'X) =uf{x* eR:(x*+
I"YNX # @}, . Where X € R*.

Definition 4.5: let (R*, mod A) be a * - ring approximation space,
the following regions can be defined:

(i) The boundary region of X with respect of I* is given by:
By-(X) = I"(X) = I"( X).

(if) The internal edge of X with respect of I* is given by: ED;- (X)
=X -I"(X).

(iii) The external edge of X with respect of I* is given by: ED;- (X)
=I'(X) - X.

Proposition 4.1: If B;-(X)# @, then X is rough set with respect of
I*. Otherwise, X is definable.

For the * - ring approximation space (R*, mod A). The rough
(undefinable) set can be expressed by its approximations with
respect to I* and written in the following form:

Apr X) =("(X) , I"(X)); X € R*.
The following example shows definition 4.5.

Example 4.1: Let a ring R* = Z, and the involution is defined by
a*=a VvaeZg.

Let 1*={0,2,4}isa*-ideal, X ={1,2,3,4,5}and Y = {1, 3, 5}.
Itisclearly I* = {0*,2*,4*} ={0,2,4}=1.

8 Copyright © ISTJ il sine waball (358
Ayl g o shell 40 sal) dlaall



International Science and Aall y p ghall 0350 A
Technology Journal Volume 31 2l L

A 5 g gl g 2) Alnal November 2022 »ési |} STJ%

For x* € R* : x* + I* = x + [ , We calculate x * + [ * :
0"+I" =2"+I"=4"+1"={0%,2",4"} = {0, 2,4}, 1" +
I'=3"+1"=5"4+1"={1* 3*,5*} = {1, 3,5} So I"( X) = {x *€
R*: (x*+1*)c X}={1,3,5}and

FX)=u{x*eR*: (x*+*)NX+£0}={0,24} U {1,3,5} =
{0, 1, 2, 3,4,5}.

I'(Y) = 1*(X)={1,3,5}. Therefore, Y is definable set with respect
of I * while X is rough. Also, B(X) = I'(X) — I"(X) =
{0,2,4}. ED;- (X)=X —I"(X) = {2, 4}.

ED;- (X) =I*(X) — X = {0}.
In a similar way we can get By« (Y), EDp- (Y), ED;« (Y) forasetY.

Corollary 4.1: For a * - ring approximation space (8*, mod A) and
I* be = - ideal. Then

(i) I"(X), I*(X) are definable sets for every X < Rx.

Q) For every x € R*, x + [ * is definable set.
Proof: It is directly.

We can get the properties of approximation operators for any
subset of a * - ring approximation space (R*, modA) in the
following proposition.

Proposition 4.2: For a* - ring approximation space (R*, modA), 1*
be an * - ideal. Let A, B € R* we have:

() I'(A) €A ST (A).
(@) I'(@) = ¢ = (D).
(i) I" (R*) = R* = I*(RY).

(iv) I (A N B) = I"'(A) n I"(B).
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(w)I*(AuB)21I"(A) U I"(B).

(wi)I*(AU B) =1*(A) U I*(B).

(vi)I*(AnB) < I*(A) n I*(B).

(viit) IfFAC B, then I"(A) € I"(B) and I*(A) < I*(B).

() I'(1'(4) =T I(A) = I'(4).

() "'(I"(A) = I'("(A) = I"(A).

(xi) I*((4°) = (I"(4)".

(xii) I"( (A€) = (I"(4) )°.

Proof:

() Letx* €I"(A); I"(A) ={x"€ R:(x"+1") € A}thenx" €
x*+I"€ A =1"(A) €A Andsoletx™ € Asincex™ € x* + I”
then x*€ (XW+I")NA = xX*"+I")NA #@. So x"€
I*'(A) ; I'(A) ={x" €eR: x*+I")NA # @}
Subsequently; I"(A) € A € I*(A).

There for I*( @) = @ = I*( ©).

(iii) It says the way in (i).
FRHY)=K"eR: +IMNSR}I=R"={x" e R (x" +
I"YNR* # 0} =I*(RY).
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(iv) Let x*€ "ANB)={x"€eR:(x"+I") S ANB} &
X*+I'CAANx"+I"SEBsS x*€l'(A) N x*€l'(B) &
x*€ I(A) n I(B).

) Since A CAUBand B € A UB thenI*(4)
IF(AuB)vI'(B) € I'(AUB) .So I'(A) U I*(B)
I"(A UB).

N

N

(vi) and (vii) It says the way in (iv), (v) respectively.

(viii) Letx*€I*(A); I'(A) ={x" €eR: X" +I")NA #
@} and SinceA € Bthen (x*+ I )NB # @ . So «x"€
I*(B); I'(B) ={x"eR:(x"+I")NB # @}

Subsequently; I*( A) € I*( B).In a similar way we can prove
I"(A) < I"(B).

@) 1U(A) ={x" e R : (" + 1) S I'(A)} = {x" e R (x" +
Mec{x eR:(x +INCA= X eR:(x+I)c 4} =
I'(A). Andso I" (I'(A) = {x" € R:(x" + 1) N I'(4) # 0

ER(+I)N{x" ER: (X +I)CA}Y =0} = {x* €
R (" + 1) S A} = I"(A).

(x) It says the way in (ix).

i) I'(A) ={x" eR:("+I)CA =" eR:(x"+I")
(A} = I'((A)) =(x' €W N (A %0} = (T(A°)"
(xii) It same the way in (xi) m

The following example shows proposition 4.2.

Example 4.2: Let the ring R = Z;, and define the involutionon ‘R
bya*=aVvaceZ,.
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Then R* = Z;,. Now Suppose a * —ideal is {0, 6} in R* and let A =
{1,2,3,4,5,6,7,8,9,10,11}, B={1,2,4,6,8,10}, C={5,7, 9,
11}.SinceANB={1,2,4,6,8,10} ,ANC=C,BNC=0 Then
for x*e Z;, we calculate x*+ 1*= {0, 6}, {1, 7}, {2, 8}.{3, 9}.{4,
10}.{5, 11}

Now, we can calculate the properties of approximation operators
for some subsets.

') ={x"€Zip(x"+1I")CP}=0={x" €Zy,: (x*+
NG +#0}=1(0)
I"(Zyp) ={x" € Z1: (X" +I") € Z15} = Zy,
={x" €Z1p: (X +1)NZp =0} =1"(Z12)

I'(A) = {x"€Zy,:(x*+1) A= {1,7}U {2,8}U{3,9} U
{4,10} U {5,11}={1,2,3,4,5,6,7,8,9,10,11},

I*(B) = {x* € Zyp: (x* + ") € B} = {2,8} U{4,10} =
{2,4,8,10}

I'(C) ={x" € Zy: (x* +I") € C} = {5,113},

I'(AnB)={x"€Z,: (x*+I") € (AnB)} = {2,8} U {4,10}
={2,4,8,10},

I"(A) n I"(B) = {2,4,8,10} = I" (A nB),

I'(A) = {x" €Zy (+I)NA=0}={0,6}U{l,7}u
{2,8}u{3,9}u{4,10}u {511} = Z,,,

I'B) = {x*€Z,:(x+I"YnB+0}={0,6}U{1,7}U
{2,8}uU{4,10}={0,1,2, 4,6, 7,8, 10},

I*(C) ={x* €Z;,: x*+I")NnB+0}={1,7}U{3,9}U
(5,11} = {1,3,5,7,9,11},

12 Copyright © ISTJ Ak gias okl (3 ia
Ayl g o shell 40 sal) dlaall



International Science and Aall y p ghall 0350 A
Technology Journal Volume 31 2l L

A 5 g gl g 2) Alnal November 2022 »ési |} STJ%

I*(AnB) = {x* €Zi: X +1I")N(ANB) #
0}={0,1,2,4,6,7, 8,10},

I"(4) n I"(B) ={0,1,2,4,6,7,8,10} = '(AN B) ,

I"(A) U I"(B) = Z;,=1"(A UB),

I'(AUB) ={x"€Z,: x*+I")Nn(AuUB)+ 0} = {0,6}U
{1,7}u {2,8}u{3,9}u{4,10} U {511} = Z,, =I" (A UB),

I*(A) U I"(B) ={1,2,3,4,5,7,8,9,10,11} € Z,,.

In a similar way we can prove approximations of sets (4N
C) and(4 U C).

If D €As.tD = { 1, 3, 5 7, 9, 11}C AthenI*(D) =
(x* €Zy,(x*+1") € D}={1,7} U{3,9}U {511} =
(1,3,5,7,9,11} } € {1, 2,3,4,5,6,7,8,9,10,11} = [*(4) . Also
') = {x*€Z,: (x*+I1YND #¢}={1,3,57,9,11}
Z12 = I*(A) .

Now Since BN C=0@thenI*(B NC) ={x*€Z,:(x*+1") C
BNO}=0,

I"(B) n I"(C) ={2,4,8,10} n {5,11} =
@.There forI* (B nC) = I"(B) n I'(C), I"(BNC)={x" €
Zi,t X*+I')n(BNnC) +0}= 0,

I'B) N 1"(C)= {1, 7} that is I'(BNC)= 0 S I'(B) n
I (C) .

Alsosince BuU C ={1,2,4,5,6,7,8,9,10,11},

13 Copyright © ISTJ Ak sine qolall (3 s
Al 5 o glall 4 sall dlsall



International Science and Aall y p ghall 0350 A
Technology Journal Volume 31 2

A 5 g gl g 2) Alnal November 2022 »ési |} STJ%

Imtrwaational beimrs mad Taviasiags demraal

I'Bul)={x"e€Z,x+I"cBUCO)}={1,7}U
{2,8}u{4,10} U {5,11} ={1,2,4,5,7,8,10,11}.

I*(B) U I"(C) = {2,4,5,7,8,10,11} € I* (B U ().

IF(BUC)={x" €Z;,: (x*+I")n(BUC)=+0} ={0, 6}U
{1,7}u {2,83U{3,9}U{4,10} U {511} =
{0,1,2,3,4,5,6,7,8,10,11} = Z,,

I*(B) u I"(C) ={0,1,2,4,6,7,8,10} U {1,3,5,7,9,11} =
Z1,.S01*(BUC) = I*(B) U I*(C)

Since A° = {0} then I"(A°) = {x" € Z1,: (x" + ") S A°} = @,
("(A9)) =Z, =1"(4),

I*"(A€) = {x* € Zi,: (x* + I") n A° = @} = {0, 6},

(I"(A°)¢ ={1,2,3,4,5,6,7,8,9,10,11} = I*(A)

I (Ir4) = (xezp@+mer@l=
(1,2,3,4,5,6,7,8,9,10,11} = I*(4).

I (I"(4) = {x € Ziy: (X" + 1) N I*(4) # q)}
= {1,73U{2,8} U {3,9} U {4,10} U {5,11}
= {1,2,3,4,5,6,7,8,9,10,11} = I*(A),

I'(T(A) = {x € Zi: (" + 1) nT(A) * 0}

={0, 6}U {1, 73U {2, 8}u{3, 9} u{4, 10}u {5, 11} = Z;, =
IC4),

IF'(Ir(A) = {x" €Zy:(x* + 1) S I'(A) } = Zy, = I*(A).
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Proposition 4.3: Let (R* , modA) be a* - ring approximation space,
and I*, J" are two * - ideals of R* , Then I* (J*)and I* (J*) are *
- ideals of R*.

Proof: we need to prove [*(J*)and I* (J*) is closed under
involution *. Since I* and J* are * - ideals then I* S | and J" < J.

SoI*NnJ'c1InJ=+ @,thenthereexist x* € I* NnJ*.

But I* € x*+ I". Soweget (x*+I")NnJ* +# @,thatisx™ €
I* (J*) . Subsequently I* (J*) is * - ideal of R*. In a similar way

we can prove [* (J*) is * - ideal of R*m

The following example shows Proposition 4.3.

Example 4.3: Let the ring R* = Z;, and define the involution on
R* by a* = a Vae Z;,.Suppose a * - ideals are I* = {0, 3, 6,
9}and J* = {0, 6}. Since the involution on R* define by

a*=a Va€eR, Thenl*=1;1x*isa™-ideal. For x* € R*: x* +
I*, it can get {0*, 3*, 6*, 9*} = {0, 3, 6, 9}, {1*, 4*, 7*, 10*} = {1,
4, 7, 10}, {2*, 5%, 8* 11*} = {2, 5, 8, 11}. Then, the lower
approximation of J* with respect of I* as:

Iy ={x" eR: (x"+I") €]} = @ isatraivel » — ideal and
the upper approximation of

J* with respect of I* as:

') =u{x* €R: +I)nJ #0}=1"(J")
={x eR: (x+DHnJ +0}={0,3,6,9}is*-ideal inZ;, .
Subsequently I* (J*) and I* (J*) are * - ideal of %t*.
5. Rough * - ideals in a ring with involution:

In this section, we introduce the concept of rough * - ideal in
ring with involution and give some result on them.
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Definition 5.1: Let I* be * - ideal of involution ring R* and X is
rough set with respect to I* , we have: (i) If I* (X) and I*(X) are

two * - ideals of R* , then we call X is a rough * — ideal.

(i) If I" (X) and I*(X) are an involution subring of R*, then we
call X is a rough involution ring. The following example shows
definition 5.1.

Example 5.1: We consider the ring R* = Zg and the ideal | = {0, 2,
4, 6}.

we define the involution on R*bya* =a V a € Zg. There fora * -
ideal is {0, 2, 4, 6} and let

X={0,1,2,4,6},Y={1,2,3,4,5, 6, 7} Since the involution on
Zg definebya*=a va€ R, ThenI*=1;[*isa* - ideal. For x*
€ M*: x* + I*, it can get {0, 2, 4, 6}, {1, 3, 5, 7}. There for
I'X)y={xeR :(x*+I")c X}= Zg is a trivel * - ideal
Subsequently ideal in Zg and

F)=uf{x* eR*: (x*+I)nX # 0} =1{0,2,4}is * — ideal
in Zg Subsequently ideal in Zg ;I x (X) € I(X); [ x S I . So by
definition 5.1 (I* (X), I*(X)) arearough * - ideals. Subsequently
rough ideal in Zg Not that I*( X)is sub ring in Zg and is not ideal
Now when because 7(2) = 6 mod (8) and 6 ¢ I*( X). There for
(X, I*( X)) are an involution subring of R* and X is a rough
an involution ring. Subsequently are a subring of R* and X is a
rough aring. Now if Y = {1, 2, 3, 4, 5, 6, 7} then we have: ﬂ =
{1,3,5,7}and I*(Y) = Zg isatravel x —ideal . Not that I* (Y) is
* — ideal in Zg Because I (Y) closed under involution; @ =
1(Y). but not ideal  because Vr € Zg AVace
@ we findthat0 € Zg A 3 € I" (Y). So
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0B)=0¢ I"(Y); I"(Y) = I(Y). As well I* (Y)is not subring
because 3—1=2 ¢ [* (Y) . But

I*(Y) is not an involution sub ring in Zg. There for

(w I*(Y) ) are not an involution subring of Zg Subsequently
are not a subring of Zg and Y is not a rough an involution ring.
Therefor (1* ), 1*( Y)) is not a rough involution
ring.Subsequently Y is not a rough a ring.

Proposition 5.1: let (R*, modA) be a * -ring approximation space
and I*, J* be two * - ideals of involution ring R*, Then
(i) I*(J*) and I*(J*) are rough * - ideals of R* .
(ii) Let I"is * - ideal and J* is *- subring of involution ring R* ,
Then I*(J*) and I* (J*) are an involution rings.

Proof: (i): Since I*, J* be two * - ideals of involution ring R * , Then
by Proposition 4.2 1*(J*) and I* (J*) are rough * - ideals of R* .

So by definition 4.1 J* is rougﬂeals with respect of I*. And

Since ( I* (J°), I"(J*) ) are * - ideals then I"(J") ={x" € R":
(x*+I)CSX}and I'(J) ={x* €eR: (X +I)NX # 0}

are a lower and upper with respect of I*, respectively.
So (I* (J*), I*(J*)) arerough * - ideals of R*.

(ii) Since I* a * - ideal then I* is a *- subring of involution ring R*,
But / * not a * - ideals of involution ring R*. From (i) I*(J*) and
I* (J*) are rough * - ideals of %* Then I*(1*(J*)) and I*(I*(J*))
are a rough * - ideals. And so m and I* (J*) are an involution
ringsm -
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6. CONCLUSION:

The object of this paper is to introduce the lower and upper
approximations of any subset of a ring with involution which we
called * - ring approximation spaces respect to * -ideals. Some basic
properties of these operators were presented. Rough * - ideals are
introduced in * - ring approximation spaces. Our research in this
area is still on going. We are currently in the midst of extending the
study of * - ring approximation spaces with some topological
concepts. Additional future research also includes a deeper study of
* - ring approximation spaces in neutrosophic topology.
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